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Abstract

Let Q : R-R be even, nonnegative and continuous, Q0 be continuous, Q040 in ð0;NÞ; and
let Q00 be continuous in ð0;NÞ: Furthermore, Q satisfies further conditions. We consider a

certain generalized Freud-type weight W 2
rQðxÞ ¼ jxj2r expð�2QðxÞÞ: In previous paper

(J. Approx. Theory 121 (2003) 13) we studied the properties of orthonormal polynomials

fPnðW 2
rQ; xÞg

N

n¼0 with the generalized Freud-type weight W 2
rQðxÞ on R: In this paper we treat

three themes. Firstly, we give an estimate of PnðW 2
rQ; xÞ in the Lp-space, 0oppN: Secondly,

we obtain the Markov inequalities, and third we study the higher-order Hermite–Fejér

interpolation polynomials based at the zeros fxkngn
k¼1 of PnðW 2

rQ; xÞ: In Section 5 we show that

our results are applicable to the study of approximation for continuous functions by the

higher-order Hermite-Fejér interpolation polynomials.
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0. Introduction

Let Q : R-R be even, nonnegative and continuous, Q0 be continuous, Q040 in
ð0;NÞ; and let Q00 be continuous in ð0;NÞ: Furthermore, Q satisfies the following
condition:

1oApfðd=dxÞðxQ0ðxÞÞg=Q0ðxÞpB; xAð0;NÞ; ð0:1Þ
where A and B are constants. Let n ¼ 1; 2; 3;y : If n ¼ 1; then we assume (0.1). For

nX2 we suppose (0.1) and further that QACðnþ1ÞðRÞ and

0pxQð jþ1ÞðxÞ=Qð jÞðxÞpB̃; j ¼ 2; 3;y; n;

Qðnþ1ÞðxÞmðnondecreasingÞ; xAð0;NÞ; ð0:2Þ

where B̃ is a positive constant. Then we consider generalized Freud-type weights
WrQðxÞ such that

WrQðxÞ ¼ jxjr expð�QðxÞÞ; xAR; ð0:3Þ
where rX0 except for Sections 3 and 4, but in Sections 3 and 4 we suppose r4� 1=2:
We say that the weight WrQðxÞ satisfies the condition CðnÞ: For simplicity we write

WQðxÞ ¼ W0Q: We consider the series of orthonormal polynomials fPnðW 2
rQ; xÞgNn¼0

with weight (0.3), where PnðW 2
rQ; xÞA

Q
n and

Q
n denotes the class of polynomials of

degree pn: The orthonormal polynomials are constructed byZ
N

�N

PiðW 2
rQ; tÞPjðW 2

rQ; tÞW 2
rQðtÞ dt ¼ dij ðKronecker’s deltaÞ;

i; j ¼ 0; 1; 2;y :

In previous paper [KaS1] we have investigated some interesting properties of

orthonormal polynomials fPnðW 2
rQ; xÞgNn¼0: In this paper we treat three different

themes. Firstly, we give an estimate of PnðW 2
rQ; xÞ in the Lp-space, 0oppN:

Secondly, we obtain the Markov inequalities, and third we study the higher-order

Hermite–Fejér interpolation polynomials based at the zeros fxkngn
k¼1;

�Noxnno?ox2nox1noN; of PnðW 2
rQ; xÞ: In Section 5 we show that our results

are applicable to the study of approximation for continuous functions by the higher-
order Hermite–Fejér interpolation polynomials. These are also essential to our next
study [KaS2] with respect to a necessary and sufficient condition for a convergence
of the higher-order Hermite–Fejér interpolation polynomials.

For fACðRÞ we define the higher-order Hermite–Fejér interpolation polynomial

Lnðn; f ; xÞ based at the zeros fxkngn
k¼1 as follows:

Lnðn; f ; xknÞ ¼ f ðxknÞ; k ¼ 1; 2;y; n;

LðiÞ
n ðn; f ; xknÞ ¼ 0; k ¼ 1; 2;y; n; i ¼ 1; 2;y; n� 1: ð0:4Þ

Lnð1; f ; xÞ is the Lagrange interpolation polynomial, and Lnð2; f ; xÞ is the ordinary
Hermite–Fejér interpolation polynomial. The fundamental polynomials
hknðn; xÞA

Q
nn�1 for the higher-order Hermite–Fejér interpolation polynomials of
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(0.4) are defined as follows:

hknðn; xÞ ¼ lnknðxÞ
Xn�1

i¼0

eiðn; k; nÞðx � xknÞi;

eiðn; k; nÞ ð0pipn� 1Þ: real coefficients;

lknðxÞ ¼
PnðW 2

rQ; xÞ
ðx � xknÞP0

nðW 2
rQ; xknÞ

; k ¼ 1; 2;y; n;

hknðn; xpnÞ ¼ dkp; h
ðiÞ
knðn; xpnÞ ¼ 0; p ¼ 1; 2;y; n; i ¼ 1; 2;y; n� 1:

Using them, we can write as

Lnðn; f ; xÞ ¼
Xn

k¼1

f ðxknÞhknðn; xÞ:

Furthermore, we extend the operator Lnðn; f ; xÞ: Let l be a nonnegative integer,

and let n� 1Xl: For fACðlÞðRÞ we define the ðl; nÞ-order Hermite–Fejér interpola-
tion polynomials Lnðl; n; f ; xÞA

Q
nn�1 as follows. For each k ¼ 1; 2;y; n;

Lnðl; n; f ; xknÞ ¼ f ðxknÞ; Lð jÞ
n ðl; n; f ; xknÞ ¼ f ð jÞðxknÞ; j ¼ 1; 2;y; l;

Lð jÞ
n ðl; n; f ; xknÞ ¼ 0; j ¼ l þ 1; l þ 2;y; n� 1:

Especially, Lnð0; n; f ; xÞ is equal to Lnðn; f ; xÞ; and for every polynomial
PðxÞA

Q
nn�1 we see Lnðn� 1; n;P;xÞ ¼ PðxÞ: The fundamental polynomials

hsknðn; xÞA
Q

nn�1; k ¼ 1; 2;y; n; of Lnðl; n; f ; xÞ are defined by

hsknðl; n; xÞ ¼ lnknðxÞ
Xn�1

i¼s

esiðn; k; nÞðx � xknÞi; s ¼ 0; 1;y; n� 1;

esi ðipspn� 1Þ: real coefficients;

h
ð jÞ
sknðl; n; xpnÞ ¼ dsjdkp; s ¼ 0; 1;y; n� 1; p ¼ 1; 2;y; n; j ¼ 0; 1;y; n� 1:

ð0:5Þ

Then we have

Lnðl; n; f ; xÞ ¼
Xn

k¼1

Xl

s¼0

f ðsÞðxknÞhsknðl; n; xÞ:

We need some definitions. The Mhaskar–Rahmanov–Saff number au is the unique
positive root of the equation

u ¼ ð2=pÞ
Z 1

0

autQ0ðautÞð1� t2Þ�1=2
dt; u40:
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We also consider the root x ¼ qu40 of u ¼ xQ0ðxÞ for u40: Let us denote the

leading coefficient of the orthonormal polynomial PnðW 2
rQ; xÞ by gn; and then we set

bn ¼ gn�1=gn: Then we have

anBqnBbnBx1n; n ¼ 1; 2; 3;y; ½LL4;Ba;Theorem 3:5�;

where if for two sequences fcngNn¼1 and fdngNn¼1 there are positive numbers C; D such

that Cpcn=dnpD; then we denote this fact as cnBdn: We will use the same constant
C even if it is different in the same line.

Remark. In previous paper [KaS1] we assumed r4� 1=2 in (0.3). In this paper we
need to suppose rX0:

1. Estimate of jjPnðW 2
rQÞWrQjjLpðRÞ

In this section we suppose condition (0.1) and rX0 in (0.3).

Theorem 1.1. Given 0oppN; we have, for nX1;

jjPnðW 2
rQÞWrQjjLpðRÞBa1=p�1=2

n 

1; po4;

flogð1þ nÞg1=4; p ¼ 4;

ðn�2=3Þ1=p�1=4; p44:

8><
>:

When r ¼ 0; the result has been obtained by Lubinsky and Moricz [LM]. We may
show the following.

Proposition 1.2. Given 0oppN; we have, for nX1;

jjPnðW 2
rQÞWrQnjjLpðRÞBa1=p�1=2

n 

1; po4;

flogð1þ nÞg1=4; p ¼ 4;

ðn�2=3Þ1=p�1=4; p44;

8><
>:

where WrQnðxÞ is defined as follows:

WrQnðxÞ ¼
ðan=nÞr

WQðxÞBðan=nÞr; jxjoan=n;

WrQðxÞ; an=npjxj;

�
W 0

rQnðan=nÞ ¼ lim
x-ðan=nÞþ0

W 0
rQðxÞ: ð1:1Þ

In fact, by Kasuga and Sakai [KaS1, Theorem 1.8], we see

jjPnðW 2
rQÞWrQnjjLpðjxjpan=nÞpoða1=p�1=2

n Þ:

To prove the theorem we repeat the method of [LM], that is, we only check each
lemma of [LM], then the theorem is shown easily. First we collect some lemmas,
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which are shown in previous paper [KaS1]. From now, for simplicity we write

PnðxÞ ¼ PnðW 2
rQ; xÞ:

Lemma 1.3. We have the followings:

(a) For nX1 and xAR;

jPnðxÞWrQnðxÞjpCa�1=2
n =½j1� jxj=anj1=4 þ n�1=6�

ðby Kasuga and Sakai ½KaS1; Theorems 1:13; 1:14 and Lemma 2:7�Þ:

(b) Let 0oppN: There exists C40 such that for nX1 and PAPn;

jjPWrQjjLpðRÞpCjjPWrQjjLp½�an;an�

ðby Kasuga and Sakai ½KaS1; Theorem 1:1�Þ:

(c) Let jxjnjpZan; 0oZo1: There exists a constant d40 such that for jx �
xjnjpdan=n;

jP0
nðxÞWrQnðxÞjBna�3=2

n ðby Kasuga and Sakai ½KaS1; Corollary 1:12�Þ:

Proposition 1.4. Let 0oppN: There exists C40 such that for nX2

jjPnðW 2
rQÞWrQnjjLpðRÞpCa1=p�1=2

n 

1; po4;

flogð1þ nÞg1=4; p ¼ 4;

ðn�2=3Þ1=p�1=4; p44:

8><
>:

Proof. It follows from Lemma 1.3(a) and (b) by considering the parts of jxjpan

ð1� n�2=3Þ and anð1� n�2=3Þojxjpan: &

We need to give the lower bounds.

Lemma 1.5. (a) For nX1;

jx1n=an � 1jpCn�2=3 ðby Kasuga and Sakai ½KaS1; Theorem 1:3�Þ;

and uniformly for nX3 and 2pjpn � 1

xj�1;n � xjþ1;nBðan=nÞ½maxfn�2=3; 1� jxj;nj=ang��1=2

ðby Kasuga and Sakai ½KaS1; Theorem 1:4�Þ:

(b) Uniformly for nX2; and 1pjpn � 1;

maxfn�2=3; 1� jxjnj=angBmaxfn�2=3; 1� jxjþ1;nj=ang

ðby Kasuga and Sakai ½KaS1; ð2:11Þ�Þ:
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(c) For nX1; 1pkpn and xAR;

jPnðxÞWrQðxÞjpCðna�3=2
n Þ½maxfn�2=3; 1� jxj=ang�1=4jx � xknj

ðby Kasuga and Sakai ½KaS1; ð2:16Þ�Þ:

(d) We have

jPnðxÞWrQðxÞjpCa�1=2
n ½maxfn�2=3; 1� jxj=ang��1=4

ðby Kasuga and Sakai ½KaS1; Theorem 1:8�Þ:

(e) Uniformly for nX1; 1pjpn

jP0
nðxjnÞWrQnðxjnÞj ¼ jfPnðxÞWrQnðxÞg0x¼xjn

j

B na�3=2
n ½maxfn�2=3; 1� jxjnj=ang�1=4

ðby Kasuga and Sakai ½KaS1; ð1:8Þ�Þ:

(f) Uniformly for nX1; 1pjpn � 1 and xAR;

jljnðxÞjB ða3=2
n =nÞWrQnðxjnÞ½maxfn�2=3; 1� jxjnj=ang��1=4


 jPnðxÞ=ðx � xjnÞj ðby ðeÞÞ:

(g) Uniformly for nX1; 1pjpn � 1 and xAR;

jljnðxÞW�1
rQnðxjnÞWrQnðxÞjpC: ð1:2Þ

(h) We have

max
jxjpx½n=2�;n

jP0
nðxÞjBðn=anÞr

na�3=2
n ðby Kasuga and Sakai ½KaS1; ð1:11Þ�Þ:

Proof. We may only prove (g). First, by Kasuga and Sakai [KaS1, Lemma 2.7] we
have

jjPWrQjjLNðjxjpdan=nÞpCjjPWrQjjLNðdan=npjxjpanÞ

for PA
Q

n; where d40 is small enough. Therefore, in (c) we can exchange WrQðxÞ
for WrQnðxÞ: Then, by (f) and (c) we have

jljnðxÞW�1
rQnðxjnÞWrQnðxÞj

pða3=2
n =nÞ½maxfn�2=3; 1� jxjnj=ang��1=4


 jPnðxÞWrQnðxÞ=ðx � xjnÞj

pC½ðmaxfn�2=3; 1� jxj=angÞ=ðmaxfn�2=3; 1� jxjnj=angÞ�1=4:

If for some fixed C40;

maxfn�2=3; 1� jxj=angpC maxfn�2=3; 1� jxjnj=ang; ð1:3Þ
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then we obtain (g). If we set

x1�s;n ¼ x1n þ sann�2=3; xnþs;n ¼ xnn � sann�2=3; s ¼ 1; 2;

then (b) implies (1.3) for xAðxj�2;n; xjþ2;nÞ; with a large C: On the other hand, if (1.3)

is not true, so that xeðxj�2;n; xjþ2;nÞ; then Lemma 1.3(a) and (e) of this lemma show

that

jljnðxÞW�1
rQnðxjnÞWrQnðxÞj

¼ PnðxÞWrQnðxÞ
x � xjn

	 

1

P0
nðxjnÞWrQnðxjnÞ

	 
����
����

pC
a
3=2
n

n

 !
½maxfn�2=3; 1� jxjnj=ang��1=4


 a�1=2
n ½j1� jxj=anj1=4 þ n�1=6��1jxj72;n � xjnj�1

pC½maxfn�2=3; 1� jxjnj=ang�1=4½j1� jxj=anj1=4 þ n�1=6��1

ðby ðaÞ and ðbÞÞ

pC½ðmaxfn�2=3; 1� jxjnj=angÞ=ðmaxfn�2=3; 1� jxj=angÞ�1=4

pC

for C large enough, as (1.3) does not hold. So we still have (1.2). Hence (g) is
true. &

Lemma 1.6 (Cf. Lubinsky and Moricz [LM, p. 49]). Let Zanpjxjnj; 0oZo1;

xnþ1;n ¼ xnnð1� n�2=3Þ; x0n ¼ x1nð1þ n�2=3Þ: Then, for xAðxjþ1;n; xj�1;nÞ;

j½ðPnWrQÞðxÞ=fðx � xjnÞP0
nðxjnÞWrQðxjnÞg�0j

pCðn=anÞ½maxfn�2=3; 1� jxjnj=ang�1=2:

Proof. Let ½z� denote the maximum integer nonexceeding z: We may assume x40:
Then we see

½ðPnWrQÞðxÞ=fðx � xjnÞP0
nðxjnÞWrQðxjnÞg�0

¼ ½xr�½rþ1�ðx½rþ1�PnWQÞðxÞ=fðx � xjnÞP0
nðxjnÞWrQðxjnÞg�0

¼ ðr � ½r þ 1�Þxr�½rþ1��1x½rþ1�ðPnWQÞðxÞ=fðx � xjnÞP0
nðxjnÞWrQðxjnÞg

þ xr�½rþ1�½x½rþ1�ðPnWQÞðxÞ=fðx � xjnÞP0
nðxjnÞWrQðxjnÞg�0:

Here, by Lemma 1.5(g),

jðr � ½r þ 1�Þxr�½rþ1��1x½rþ1�ðPnWQÞðxÞ=fðx � xjnÞP0
nðxjnÞWrQðxjnÞgj

pCa�1
n jðPnWrQÞðxÞ=fðx � xjnÞP0

nðxjnÞWrQðxjnÞgjpCa�1
n : ð1:4Þ
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Furthermore, by the Markov–Bernstein inequality [LM, Lemma 2.4],

jxr�½rþ1�½x½rþ1�ðPnWQÞðxÞ=fðx � xjnÞP0
nðxjnÞWrQðxjnÞg�0j

pCðn=anÞjxr�½rþ1�j t½rþ1�ðPnWQÞðtÞ
ðt � xjnÞP0

nðxjnÞWrQðxjnÞ

� �����
����

����
����
LNðRÞ


 ½maxfn�2=3; 1� jxj=ang�1=2: ð1:5Þ

For 0otp2an;

jxr�½rþ1�t½rþ1�ðPnWQÞðtÞ=fðt � xjnÞP0
nðxjnÞWrQðxjnÞgj

¼ jðt=xÞ½rþ1��rjjðPnWrQÞðtÞ=fðt � tjnÞP0
nðxjnÞWrQðxjnÞgj

pC ðby Lemma 1:5ðgÞÞ:

For 2anot;

jxr�½rþ1�jjt½rþ1�ðPnWQÞðtÞ=fðt � xjnÞP0
nðxjnÞWrQðxjnÞgj

pCjxr�½rþ1�jjðPnWrQÞðtÞ=ft1�½rþ1�þrP0
nðxjnÞWrQðxjnÞgj

pCa�1=2
n n1=6=ðanna�3=2

n n�1=6Þ

pCn�2=3 ðby Lemma 1:5ðdÞ and ðeÞÞ:

Therefore, by (1.5) we have

jxr�½rþ1�½x½rþ1�ðPnWQÞðxÞ=fðx � xjnÞP0
nðxjnÞWrQðxjnÞg�0j

pCðn=anÞ½maxfn�2=3; 1� jxj=ang�1=2:

Here, since xAðxjþ1;n; xj�1;nÞ we see by Lemma 1.5(b),

½maxfn�2=3; 1� jxj=ang�1=2B½maxfn�2=3; 1� jxjj=ang�1=2;

consequently, with (1.4) we have the lemma. &

Lemma 1.7 (Kasuga amd Sakai [KaS1, Corollary 1.12]). Let jxinjpZan; 0oZo1:
(i) Let n be odd. For dan=npjxjpx½n=2�;n; d40;

jPnðxÞjBðn=anÞr
a�1=2

n ;

and there is a constant d040 such that for jxjpd0an=n;

jP0
nðxÞjBðn=anÞr

na�3=2
n :

Let n be even. For �x½n=2�;n þ dan=npxpx½n=2�;n � dan=n; d40; we see

jPnðxÞWrQðxÞjBa�1=2
n :

(ii) Let xknX0 or xk�1;np0: For xkn þ dan=npxpxk�1;n � dan=n; d40; we see

jPnðxÞWrQðxÞjBa�1=2
n ;
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and there is a constant d040 such that for xkn � d0an=npjxjpxkn þ d0an=n;

jP0
nðxÞWrQðxÞjBna�3=2

n :

Lemma 1.8. There exists C40 such that uniformly for nX1; 1pjpn; and for

jx � xjnjpCðan=nÞ½maxfn�2=3; 1� jxjnj=ang��1=2;

we have

jPnðxÞWrQnðxÞjBðna�3=2
n Þ½maxfn�2=3; 1� jxjnj=ang�1=4jx � xjnj:

Proof. If xjn ¼ 0 (that is n is odd), then we have the lemma by using Lemmas 1.5(h)

and 1.7(i). Therefore, we may assume xjna0: We consider the polynomial

tjnðxÞ ¼ ljnðxÞW�1
rQnðxjnÞ:

We have ðtjnWrQnÞðxjnÞ ¼ 1; and by Lemma 1.5(g) we see jjtjnWrQnjjLNðRÞpC; with C

independent of j and n: Here let Z40 be fixed, and let

en ¼ eð j; nÞ ¼ Zðan=nÞ½maxfn�2=3; 1� jxjnj=ang��1=2: ð1:6Þ

We use x1�s;n and xnþs;n; s ¼ 1; 2; which are defined in the proof of Lemma 1.5(e).

Now if Z is small enough, Lemma 1.5(a) shows that uniformly for 1pjpn

ðxjn � en; xjn þ enÞCðxjþ2;n þ en; xj�2;n � enÞ: ð1:7Þ

Let Zanojxjnj; 0oZo1: Then for xAðxjn � en; xjn þ enÞ; Lemma 1.6 shows that

jðtjnWrQnÞ0ðxÞjpCðn=anÞ½maxfn�2=3; 1� jxjnj=ang�1=2:

If tAðxjn � en; xjn þ enÞ; we have, for some x between t and xjn;

jðtjnWrQnÞðtÞj ¼ jðtjnWrQnÞðxjnÞ þ ðtjnWrQnÞ0ðxÞðt � xjnÞj

X 1� Cðn=anÞ½maxfn�2=3; 1� jxjnj=ang�1=2en

¼ 1� CZX1=2

when Z of (1.6) is small enough. Therefore,

jðtjnWrQnÞðtÞjB1; tAðxjn � en; xjn þ enÞ; ð1:8Þ

and by Lemma 1.5(f) and the definition of tjnðxÞ we have the lemma.

Let jxjnjpZan; 0oZo1: Then by Lemma 1.3(c) we have (1.8). In fact, by Lemma

1.7, for tAðxjn � en; xjn þ enÞ;

jðtjnWrQnÞðtÞj ¼ jðPnWrQnÞðtÞ=fðt � xjnÞP0
nðxjnÞWrQnðxjnÞgj

¼ jðPnWrQnÞ0ðxÞ=fP0
nðxjnÞWrQnðxjnÞgj


 ðjx� xjnjojt � xjnjodan=nÞ

XC40
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(by jðPnWrQnÞ0ðxÞjXð1=2ÞjðP0
nWrQnÞðxÞj for d small enough). Therefore, we also

obtain (1.8), and so by Lemma 1.5(f) and the definition of tjnðxÞ we have the

lemma. &

Remark 1.9. By (1.8), we have, for j ¼ 2; 3;y; n;

xj�1;n � xj;nBðan=nÞ½maxfn�2=3; 1� jxjnj=ang��1=2: ð1:9Þ

In fact, we see ðtjnWrQnÞðxj�1;nÞ ¼ 0: If xj�1;nAðxjn � en; xjn þ enÞ; then by (1.8) we

see ðtjnWrQnÞðxj�1;nÞa0: But this contradicts. Therefore, we have xj�1;neðxjn �
en; xjn þ enÞ: From this and Lemma 1.5(a) we have (1.9).

Proof of Proposition 1.2. We fix j as 1pjpn: Let C be the constant in Lemma 1.8,
and let us consider en with Z ¼ C in (1.6). First let xjþ2;n40 or xj�2;no0: By (1.7) and

Lemma 1.8 we haveZ xj�2;n

xjþ2;n

jðPnWrQnÞðxÞjp dx

XC

Z xjnþen

xjn�en

½ðna�3=2
n Þðmaxfn�2=3; 1� jxjnj=angÞ1=4jx � xjnj�p dx

XC½ðna�3=2
n Þðmaxfn�2=3; 1� jxjnj=angÞ1=4�pepþ1

n

XCða1�p=2
n =nÞ½maxfn�2=3; 1� jxjnj=ang��p=4�1=2

XCa�p=2
n ðxj�2;n � xjþ2;nÞ½maxfn�2=3; 1� jxjnj=ang��p=4 ðby Lemma 1:5ðaÞÞ

XCa�p=2
n

Z xj�2;n

xjþ2;n

½maxfn�2=3; 1� jtj=ang��p=4
dt

in view of Lemma 1.5(b). Let xjn ¼ 0: Then by definition (1.1) and Lemma 6 we seeZ xj�2;n

xjþ2;n

jðPnWrQnÞðxÞjp dx

XC

Z x½n=2�;nþean=n

x½n=2�;n�ean=n

fa�1=2
n gp

dx ðfixed e40 small enoughÞ

XCa�p=2
n

Z xj�2;n

xjþ2;n

½maxfn�2=3; 1� jtj=ang��p=4
dt:

In the case of xin ¼ 0; i ¼ j � 1 or j þ 1 we also have the same estimate described
above. Summing, we haveZ

N

�N

jðPnWrQnÞðxÞjp dx

XCa�p=2
n

Z x1n

xnn

½maxfn�2=3; 1� jtj=ang��p=4
dt
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¼ Ca1�p=2
n

Z x1n=an

xnn=an

½maxfn�2=3; 1� jsjg��p=4
ds

XCa1�p=2
n

Z 1�Cn�2=3

�1þCn�2=3

ð1� jsjÞ�p=4
ds ðby Lemma 1:5ðaÞÞ

XCa1�p=2
n 


1; po4;

logð1þ nÞ; p ¼ 4;

ðn�2=3Þ1�p=4; p44:

8><
>:

Hence,

jjPnðW 2
rQÞWrQnjjLpðRÞXCa1=p�1=2

n 

1; po4;

flogð1þ nÞg1=4; p ¼ 4;

ðn�2=3Þ1=p�1=4; p44:

8><
>:

Therefore, from Proposition 1.4 we have Proposition 1.2. &

Theorem 1.1 is shown by Proposition 1.2.

2. Markov inequalities

In this section we show the Markov inequalities, which are used in the next
section. In this section we suppose rX0: For the Freud weight WQðxÞ ¼ expð�QðxÞÞ
we know the following theorems.

Theorem A (Levin and Lubinsky [LL5, Remarks (a) of Theorem 1.1]). Let Q satisfy

(0.1) for A; B41; and let 1ppoN: Then there exists a constant C40 such that for

PA
Q

n;

jjP0WQjjLpðRÞpCðn=anÞjjPWQjjLpðRÞ:

Theorem B (Levin and Lubinsky [LL3, Theorem 1.1]). Let Q satisfy (0.1) for A;
B40: Then there exists a constant C40 such that for PA

Q
n;

jjP0WQjjLNðRÞ
p

Z Cn

1

ð1=Q½�1�ðsÞÞ ds

� �
jjPWQjjLNðRÞ

;

where Q½�1�ðxÞ denotes the inverse function of QðxÞ:
Especially if 1oApB; then we have

jjP0WrQjjLNðRÞpCðn=anÞjjPWrQjjLNðRÞ:

In fact, we seeZ Cn

1

ð1=Q½�1�ðsÞÞ dsBn=an ½LL4; Lemma 5:2ðfÞ�:
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We obtain analogies of Theorems A and B for the weight WrQðxÞ ðxAR; rX0Þ;
where QðxÞ is the Freud exponent satisfying (0.1) for A;B41:

Theorem 2.1. Let Q satisfy (0.1) for A;B41; and let 1pppN: Then there exists a

constant C40 such that for PA
Q

n;

jjP0WrQjjLpðRÞpCðn=anÞjjPWrQjjLpðRÞ:

To show the theorem we use the idea of Freud and Levin–Lubinsky [LL1,LL2].
We need some simple lemmas. Let 0pdo2; and let 1ol be large enough. For
0odo2 we define a continuously differentiable function

fnðd; l; tÞ ¼ jtjd ðl=npjtjp1Þ;
ðd=2Þðl=nÞd�2

t2 þ ð1� d=2Þðl=nÞd ðjtjpl=nÞ;

(

and we set fnð0; l; tÞ ¼ 1: From now, we may assume 0odo2:

Lemma 2.2. For l large enough there exist a polynomial Tnðd; l; tÞA
Q

n; and constants

C1ðlÞ;C2ðlÞ;C3ðlÞ40 such that

C1ðlÞpjTnðd; l; tÞ=fnðd; l; tÞjpC2ðlÞ;

jT 0
nðd; l; tÞ=fnðd; l; tÞjpC3ðlÞn:

Proof. By Jackson’s theorem [Ja] we see that there exist Tnðd; l; tÞA
Q

n and a

constant C independent of fn such that

jTnðd; l; tÞ � fnðd; l; tÞjpCð1=nÞoðf0
nðd; lÞ; 1=nÞ;

jT 0
nðd; l; tÞ � f0

nðd; l; tÞjpCoðf0
nðd; lÞ; 1=nÞ;

where oð f ; hÞ is the modulus of continuity for f : Here, we see

jf0
nðd; l; t þ 1=nÞ � f0

nðd; l; tÞjpCld�2ð1=nÞd�1:

Therefore, we see

jTnðd; l; tÞ=fnðd; l; tÞ � 1jpCð1=fnðd; l; tÞÞð1=nÞld�2ð1=nÞd�1

pC½2=fð2� dÞl2g�p1=2

for l large enough. Hence, we have

C1ðlÞpjTnðd; l; tÞ=fnðd; l; tÞjpC2ðlÞ:

Similarly, for l large enough we have

jT 0
nðd; l; tÞ=fnðd; l; tÞ � f0

nðd; l; tÞ=fnðd; l; tÞj

pCð1=fnðd; l; tÞÞoðf0
nðd; lÞ; 1=nÞ

pð1=2Þn:
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Here, we see

jf0
nðd; l; tÞ=fnðd; l; tÞjpf2=ð2� dÞgðdn=lÞ;

therefore, we have, for l large enough,

jT 0
nðd; l; tÞ=fnðd; l; tÞjpn=2þ fð2dÞ=ð2� dÞgðn=lÞpC3ðlÞn: &

We set x ¼ 2ant: We define a differentiable function

Fnðd; l; xÞ ¼ ð2anÞdfnðd; l; tÞ

¼
jxjd ð2lan=npjxjp2anÞ;
ð2anÞd½ðd=2Þð2l=nÞd�2fx2=ð2anÞ2g þ ð1� d=2Þðl=nÞd�

ðjxjp2lan=nÞ;

8><
>: ð2:1Þ

and set

Snðd; l; xÞ ¼ ð2anÞdTnðd; l; tÞ: ð2:2Þ
From Lemma 2.2 we see the following.

Lemma 2.3. Let x ¼ 2ant; then for 2lan=npjxjp2an;

Fnðd; l; xÞBð2anÞdfnðd; l; tÞBjxjd;
and

Snðd; l; xÞBð2anÞdTnðd; l; tÞBjxjd:

From Lemmas 2.2 and 2.3 we conclude the following.

jSnðd; l; xÞ=Fnðd; l; xÞj ¼ jTnðd; l; tÞ=fnðd; l; tÞj:
We have for jxjp2an;

C1ðlÞpjSnðd; l; xÞ=Fnðd; l; xÞjpC2ðlÞ: ð2:3Þ
Furthermore, we see

jS0
nðd; l; xÞ=Fnðd; l; xÞj

¼ jð1=2anÞT 0
nðd; l; tÞ=fnðd; l; tÞjpC3ðlÞfn=ð2anÞg: ð2:4Þ

Let 1pppN; and let the constants in (0.1) satisfy A;B41: We know a2no2an (see
[LL1,LL2,LL3,LL4,LL5, Proof of Lemma 5.2(c)]). So we use Lemma 2.3 for
2lan=npjxjp2an:

Lemma 2.4 (Kasuga and Sakai [KaS1, Lemma 2.7]). We assume that pr þ 140 if

0opoN; and rX0 if p ¼ N: There exist constants e; C40 such that for every PA
Q

n

and n ¼ 0; 1; 2;y; we have

jjPWrQjjLpðjxjpean=nÞpCjjPWrQjjLpðean=npjxjpan
Þ;

where 0oppN:
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Now, we prove Theorem 2.1. We use the following modified weights.
For 0odo2 we define

WdQn;l ¼
WdQðxÞ ðlan=npjxjÞ;
WdQðlan=nÞ ðjxjplan=nÞ;

�
ð2:5Þ

where l40 is fixed large enough.

Proof of Theorem 2.1. We take l40 large enough, and we consider the function
Fnðd; l; xÞ as defined in (2.1), and the polynomial Snðd; l; xÞ as defined in (2.2). Let
1pppN; PAPn:

First, let 0pr ¼ do2: We use Lemma 2.3. By (2.3), we have for jxjpa2n;

jP0ðxÞWdQðxÞjpCjP0ðxÞFnðd; l; xÞWQðxÞj

pCjP0ðxÞSnðd; l; xÞWQðxÞj

pCjfPðxÞSnðd; l;xÞg0WQðxÞ � PðxÞS0
nðd; l;xÞWQðxÞj:

So by Lemma 2.4, with e small enough, and by the infinite–finite range inequality, we
have for 1pppN;

jjP0ðxÞWdQðxÞjjLpðRÞ

pCjjP0ðxÞWdQðxÞjjLpðean=npjxjp2anÞ

pCðn=anÞjjfPðxÞSnðd; l; xÞg0WQðxÞjjLpðRÞ

þ jjPðxÞS0
nðd; l; xÞWQðxÞjjLpðean=npjxjp2anÞ

pCðn=anÞjjPðxÞSnðd; l; xÞWQðxÞjjLpðean=npjxjpa2nÞ

þ Cðn=anÞjjPðxÞFnðd; l; xÞWQðxÞjjLpðean=npjxjp2anÞ

ðby Lemma 2:4 and ð2:4ÞÞ

pCðn=anÞjjPðxÞSnðd; l; xÞWQðxÞjjLpðean=npjxjpa2nÞ

þ Cðn=anÞjjPðxÞSnðd; l; xÞWQðxÞjjLpðean=npjxjp2anÞ

ðby ð2:4ÞÞ

pCðn=anÞjjPðxÞWdQn;2lðxÞjjLpðean=npjxjpa2nÞ

ðby Lemma 2:3; and see ð2:5ÞÞ

pCðn=anÞjjPðxÞWdQðxÞjjLpðRÞ:

Here, we used the fact

WdQn;2lðxÞBWdQðxÞ for ean=npjxjp2lan=n:

Now, for the general case we set for 0or;

r ¼ 2m þ d; m ¼ 0; 1; 2;y; 0pdo2:
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Then, we have by the infinite–finite range inequality and Lemma 2.4,

jP0ðxÞWrQðxÞjjLpðRÞpCjjP0ðxÞx2mWdQðxÞjjLpðean=npjxjp2anÞ

pC½jjfPðxÞx2mg0WdQðxÞjjLpðean=npjxjp2anÞ

þ 2mjjPðxÞx2m�1WdQðxÞjjLpðean=npjxjp2anÞ�

pC½ðn=anÞjjPðxÞx2mWdQðxÞjjLpðRÞ

þ ðean=nÞ�1jjPðxÞx2mWdQðxÞjjLpðRÞ�

pCðn=anÞjjPðxÞWrQðxÞjjLpðRÞ;

where C ¼ CðeÞ: &

3. Hermite–Fejér interpolation polynomials

Our main purpose in this section is to give estimates of the coefficients eiðn; k; nÞ;
esiðn; k; nÞ; s ¼ 0; 1;y; n� 1; of fundamental polynomial hknðn; xÞ or hknðl; n; xÞ: In
the next section we give the proofs of theorems. We supposed r4� 1=2 in (0.3). The
results are important for studies of convergence or divergence of the higher order

Hermite–Fejér interpolation polynomials. For the typical case WmðxÞ ¼ expð�jxjmÞ;
m ¼ 1;y; we have obtained some convergence or divergence theorems in
[KS1,KS2]. We can also obtain the same result for Lnðn; f ; xÞ with the weights
(0.3). In Section 5 we will report some applications.

We define

/iS ¼
1 ði: oddÞ;
0 ði: evenÞ;

�
MnðQ; xÞ ¼ jxj=a2

n þ jQ0ðxÞj:

To get the estimate of coefficients eiðn; k; nÞ we need the following theorem.

Theorem 3.1. Let Q satisfy the condition Cðnþ 1Þ: For i ¼ 1; 2;y; n� 1 we have

jðlnknÞ
ðiÞðxknÞjpCfMnðQ; xknÞ þ 1=jxknjg/iSðn=anÞi�/iS; xkna0:

For xkn ¼ 0 we see

jðlnknÞ
ðiÞð0ÞjpCðn=anÞi:

Corollary 3.2. If Q satisfies the condition CðnÞ; for i ¼ 1; 2;y; n� 1;

jðlnknÞ
ðiÞðxknÞjpCðn=anÞi; k ¼ 1; 2;y; n:
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Theorem 3.3. Let Q satisfy the condition Cðnþ 1Þ: For i ¼ 1; 2;y; n� 1; we have

e0ðn; k; nÞ ¼ 1;

jeiðn; k; nÞjpCfMnðQ; xknÞ þ 1=jxknjg/iSðn=anÞi�/iS; xkna0:

For xkn ¼ 0 we see e0ðn; k; nÞ ¼ 1; jeiðn; k; nÞjpCðn=anÞi; i ¼ 1; 2; 3;y; n� 1:

Corollary 3.4. If Q satisfies the condition CðnÞ; for i ¼ 1; 2;y; n� 1;

e0ðn; k; nÞ ¼ 1; jeiðn; k; nÞjpCðn=anÞi; i ¼ 1; 2;y; n� 1; k ¼ 1; 2;y; n:

The coefficients esiðl; n; k; nÞ have the following estimates.

Theorem 3.5. If Q satisfies the condition CðnÞ; then we have

essðl; n; k; nÞ ¼ 1=s!; jesiðl; n; k; nÞjpCðn=anÞi�s;

i ¼ s; s þ 1;y; n� 1; s ¼ 0; 1;y; n� 1; k ¼ 1; 2;y; n:

The following theorem is important to show a divergence theorem with respect to
Lnðn; f ; xÞ:

Theorem 3.6 (Cf. Kanjin and Sakai [KS1, (4.16)], Sakai and Vértesi [SV]). Let Q

satisfy the condition Cðnþ 1Þ; and let nX1 be odd. For j ¼ 0; 1; 2;y; there is a

polynomial CjðxÞ of degree j such that ð�1Þ jCjð�mÞ40 for m ¼ 1; 3; 5;y; and the

following relation holds. Let 0oe (small enough). Then we have an expression

e2sðn; k; nÞ ¼ ð�1Þsf1=ð2sÞ!gCsð�nÞbs
nðkÞðn=anÞ2s


 f1þ Zknðn; sÞg; s ¼ 0; 1;y; ðn� 1Þ=2: ð3:1Þ

Here 0oD1pbnðkÞpD2 (D1 and D2 are independent of n and k), and Zknðn; sÞ satisfies

jZknðn; sÞjpC maxðe; eA�1Þ ð3:2Þ

for k with ð1=eÞðan=nÞpjxknjpean; where A is a constant defined in (0.1), and the

constant C is independent of n; k and e:

4. Proofs of theorems

In this section we prove the results in Section 3. We use some results in [KaS1].

Lemma 4.1 (Kasuga and Sakai [KaS1, Theroem 3.6]). If Q satisfies the condition

Cðnþ 1Þ; then for i ¼ 1; 2;y; n and xkna0 we have

jPðiÞ
n ðxknÞjpCfMnðQ; xknÞ þ 1=jxknjg1�/iSðn=anÞi�2þ/iSjP0

nðxknÞj:
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If xkn ¼ 0 (that is, n odd), then

jPðiÞ
n ð0ÞjpCðn=anÞi�1jP0

nð0Þj; i ¼ 1; 2;y; n:

Proof of Theorem 3.1. We use an induction with respect to n: Let xkna0: Obviously

lknðxÞ ¼PnðxÞ=fðx � xknÞP0
nðxknÞg

¼ f1=P0
nðxknÞg½fP0

nðxknÞ=1!g þ fP00
nðxknÞðx � xknÞ=2!g þ?

þ fPðnÞ
n ðxknÞðx � xknÞn�1=n!g�:

From Lemma 4.1

jflknðxÞgðiÞx¼xkn
j ¼ jPðiþ1Þ

n ðxknÞ=fði þ 1ÞP0
nðxknÞgj

pCfMnðQ; xknÞ þ 1=jxknjg1�/iþ1Sðn=anÞi�/iS

pCfMnðQ; xknÞ þ 1=jxknjg/iSðn=anÞi�/iS:

We assume that the theorem is true for a certain nX1: Then

jflnknðxÞg
ðiÞ
x¼xkn

j ¼
Xi

s¼0

i

s

	 

ðln�1

kn ÞðsÞðxknÞðlknÞði�sÞðxknÞ
�����

�����
pC

Xi

s¼0

fMnðQ; xknÞ þ 1=jxknjg/sSþ/i�sSðn=anÞi�/sS�/i�sS

pCfMnðQ; xknÞ þ 1=jxknjg/iSðn=anÞi�/iS:

For xkn ¼ 0 we can show the theorem similarly. &

Proof of Corollary 3.2. This is trivial by Theorem 3.1, because
MnðQ; xknÞ þ 1=jxknjpCn=an: &

Here we can estimate the coefficients eiðn; k; nÞ of the fundamental polynomials
hknðn; xÞ:

Proof of Theorem 3.3. Let xkna0: Obviously e0ðn; k; nÞ ¼ 1: Using the properties of

hknðn; xÞ; for i40;

eiðn; k; nÞpC
Xi�1

s¼0

jesðn; k; nÞjjðlnknÞ
ði�sÞðxknÞj

pC
Xi�1

s¼0

fMnðQ; xknÞ þ 1=jxknjg/sSðn=anÞs�/sS
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 fMnðQ; xknÞ þ 1=jxknjg/i�sSðn=anÞi�s�/i�sS

pC
Xi�1

s¼0

fMnðQ; xknÞ þ 1=jxknjg/sSþ/i�sSðn=anÞi�/sS�/i�sS

pCfMnðQ; xknÞ þ 1=jxknjg/iSðn=anÞi�/iS:

For xkn ¼ 0 we can show the result similarly. &

Proof of Corollary 3.4. From Theorem 2.3 the corollary is trivial, because

MnðQ; xknÞ þ 1=jxknjpCn=an: &

Using the method of proving Theorem 3.3, we can show Theorem 3.5.

Proof of Theorem 3.5. We prove it by induction for i: From hsknðl; n; xknÞ ¼ 1; it
follows that essðl; n; k; nÞ ¼ 1=s!; so the case i ¼ s holds. By (0.5) and the fact

h
ðiÞ
sknðl; n; xknÞ ¼ 0; s þ 1pipn� 1; we easily see

eisðl; n; k; nÞ ¼ �
Xi�1

p¼s

f1=ði � pÞ!gepsðl; n; k; nÞðlnknÞ
ði�pÞðxknÞ;

s þ 1pipn� 1:

Since MnðxknÞpCðn=anÞ; it follows from Corollary 3.2 that jðlnknÞ
ðsÞðxknÞjpCðan=nÞ�s

for every s; where C is independent of n and k: This inequality and the assumption of
induction lead to

jeisðl; n; k; nÞjpC
Xi�1

p¼s

jepsðl; n; k; nÞjjðlnknÞ
ði�pÞðxknÞj

pC
Xi�1

p¼s

ðn=anÞp�sðn=anÞi�ppCðn=anÞi�s;

where C is independent of n and k: &

Next, we show Theorem 3.6. The method of proving is an analogy of [KS1],
therefore we only sketch the proof simply.

We define

M�
n ðQ; xÞ ¼ jxj=a2

n þ jQ0ðxÞj þ 1=jxj; xa0;

ðn=anÞ; x ¼ 0:

�
ð4:1Þ

We need some lemmas.

Lemma 4.2 (Kasuga and Sakai [KaS1, Theorem 1.6]). We have an expression

P0
nðxÞ ¼ AnðxÞPn�1ðxÞ � BnðxÞPnðxÞ � 2rfPnðxÞ=xg�;
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where

AnðxÞ ¼ 2bn

Z
N

�N

P2
nðtÞ %Qðx; tÞW 2

rQðtÞ dt;

BnðxÞ ¼ 2bn

Z
N

�N

PnðtÞPn�1ðtÞ %Qðx; tÞW 2
rQðtÞ dt;

fPnðxÞ=xg� ¼
PnðxÞ=x ðn: oddÞ;
0 ðn: evenÞ;

�

%Qðx; tÞ ¼ fQ0ðtÞ � Q0ðxÞg=ðt � xÞ:

We estimate AnðxÞ and BnðxÞ:

Lemma 4.3 (Kasuga and Sakai [KaS1, Theorems 1.7 and 3.2]). Let Q satisfy the

condition Cðnþ 1Þ: For jxjpDan; D40; we have the following estimates:

(i) AnðxÞBn=an; jBnðxÞjpCn=an;
(ii) for each odd integer j; 1pjpn� 1; we have

jAð jÞ
n ðxÞjpCjxjn=a jþ2

n ;

and for each even integer j; 0pjpn� 1; we have

jBð jÞ
n ðxÞjpCjxjn=a jþ2

n :

Now, we need some preliminaries. By Kasuga and Sakai [KaS1, Theorem 3.3] we
have the following differential equation. For any odd integer nX1

P00
n � ðQ0 þ A0

n=AnÞP0
n

þ fðbnAnAn�1=bn�1Þ þ BnBn�1 � ðxAn�1Bn=bn�1Þ

þ B0
n � ðA0

nBn=AnÞ � 2rðAn�1=bn�1ÞgPn

þ 2rðxP0
n � PnÞ=x2 þ 2rðBn�1 � A0

n=AnÞðPn=xÞ ¼ 0;

and for any even integer nX2

P00
n � ðQ0 þ A0

n=AnÞP0
n þ fðbnAnAn�1=bn�1Þ þ BnBn�1 � ðxAn�1Bn=bn�1Þ

þ B0
n � ðA0

nBn=AnÞgPn þ 2rðP0
n=xÞ þ 2rBnðPn=xÞ ¼ 0:

We rewrite these differential equations as follows. For any odd integer n;

aðxÞP00
nðxÞ þ bðxÞP0

nðxÞ þ cðxÞPnðxÞ þ DðxÞ þ EðxÞ ¼ 0; ð4:2Þ
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where

aðxÞ ¼ AnðxÞ; bðxÞ ¼ �Q0ðxÞAnðxÞ � A0
nðxÞ;

cðxÞ ¼ fbnA2
nðxÞAn�1ðxÞ=bn�1g þ AnðxÞBnðxÞBn�1ðxÞ

� fxAnðxÞAn�1ðxÞBnðxÞ=bn�1g þ AnðxÞB0
nðxÞ � A0

nðxÞBnðxÞ

� 2rfAnðxÞAn�1ðxÞ=bn�1g

¼ c1ðxÞ þ c2ðxÞ þ c3ðxÞ þ c4ðxÞ þ c5ðxÞ þ c6ðxÞ; ð4:3Þ

DðxÞ ¼ 2rfAnðxÞBn�1ðxÞ � A0
nðxÞgfPnðxÞ=xg;

EðxÞ ¼ 2rAnðxÞ½fxP0
nðxÞ � PnðxÞg=x2�:

For any even integer n

aðxÞP00
nðxÞ þ bðxÞP0

nðxÞ þ cðxÞPnðxÞ þ DðxÞ þ EðxÞ ¼ 0; ð4:4Þ

where

aðxÞ ¼ AnðxÞ; bðxÞ ¼ �Q0ðxÞAnðxÞ � A0
nðxÞ;

cðxÞ ¼ fbnA2
nðxÞAn�1ðxÞ=bn�1g þ AnðxÞBnðxÞBn�1ðxÞ

� fxAnðxÞAn�1ðxÞBnðxÞ=bn�1g þ AnðxÞB0
nðxÞ � A0

nðxÞBnðxÞ

¼ c1ðxÞ þ c2ðxÞ þ c3ðxÞ þ c4ðxÞ þ c5ðxÞ; ð4:5Þ

DðxÞ ¼ 2rAnðxÞBnðxÞfPnðxÞ=xg; EðxÞ ¼ AnðxÞfP0
nðxÞ=xg:

By (4.2) and (4.4), for j ¼ 0; 1;y; n� 2 ðnX2Þ we consider the following differential
equations:

aðxÞP00
nðxÞ þ bðxÞP0

nðxÞ þ cðxÞPnðxÞ þ DðxÞ þ EðxÞ ¼ 0; j ¼ 0;

aðxÞP000
n ðxÞ þ fa0ðxÞ þ bðxÞgP00

nðxÞ þ fb0ðxÞ þ cðxÞgP0
nðxÞ

þ c0ðxÞPnðxÞ þ D0ðxÞ þ E0ðxÞ ¼ 0; j ¼ 1;

aðxÞPð jþ2Þ
n ðxÞ þ f ja0ðxÞ þ bðxÞgPð jþ1Þ

n ðxÞ

þ
Xj�2

s¼0

j

s þ 2

	 

aðsþ2ÞðxÞ þ

j

s þ 1

	 

bðsþ1ÞðxÞ þ

j

s

	 

cðsÞðxÞ

� �
Pð j�sÞ

n ðxÞ

þ fbð jÞðxÞ þ jcð j�1ÞðxÞgP0
nðxÞ þ cð jÞðxÞPnðxÞ

þ Dð jÞðxÞ þ Eð jÞðxÞ ¼ 0; j ¼ 2; 3;y; n� 2:
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Here, we write simply

A
½0�
2 ðxÞP00

nðxÞ þ A
½0�
1 ðxÞP0

nðxÞ þ A
½0�
0 ðxÞPnðxÞ

þ D½0�ðxÞ þ E½0�ðxÞ ¼ 0; j ¼ 0;

A
½1�
3 ðxÞP000

n ðxÞ þ A
½1�
2 ðxÞP00

nðxÞ þ A
½1�
1 ðxÞP0

nðxÞ

þ A
½1�
0 ðxÞPnðxÞ þ D½1�ðxÞ þ E½1�ðxÞ ¼ 0; j ¼ 1;

A
½ j�
jþ2ðxÞPð jþ2Þ

n ðxÞ þ A
½ j�
jþ1ðxÞPð jþ1Þ

n ðxÞ þ
Xj

s¼0

A
½ j�
j�sðxÞPð j�sÞ

n ðxÞ

þ D½ j�ðxÞ þ E½ j�ðxÞ ¼ 0; j ¼ 2; 3;y; n� 2: ð4:6Þ

Eq. (4.6) means the following differential equation.

Lemma 4.4 (Kasuga and Sakai [KaS1, Theorem 3.5]). Let nX2; and let Q satisfy the

condition Cðnþ 1Þ: Then for j ¼ 0; 1;y; n� 2 we have the following equations:

B
½ j�
jþ2ðxÞPð jþ2Þ

n ðxÞ þ B
½ j�
jþ1ðxÞPð jþ1Þ

n ðxÞ þ
Xj

s¼0

B
½ j�
j�sðxÞPð j�sÞ

n ðxÞ ¼ 0;

where, for xkna0;

B
½ j�
jþ2ðxknÞ ¼ AnðxknÞBn=an;

jB½ j�
jþ1ðxknÞjpCM�

n ðQ; xknÞðn=anÞ;

jB½ j�
j�sðxknÞjpC½fjxknj/sS

n3=asþ3þ/sS
n g

þ fðn=anÞsþ2=jxknjg�; s ¼ 0; 1;y; j: ð4:7Þ

For any odd integer n and xkn ¼ 0 we have

B
½ j�
jþ2ð0Þ ¼ f1þ 2r=ð j þ 2ÞgAnð0ÞBn=an; jB½ j�

jþ1ð0ÞjpCðn=anÞ2;

jB½ j�
j�sð0ÞjpC½f0/sSn3=asþ3þ/sS

n g þ n2=asþ3
n �

pCðn3=asþ3
n Þ; s ¼ 0; 1;y; j:

Lemma 4.5. Let M�
n ðQ; xÞ be defined by (4.1). For ð1=eÞðan=nÞpjxknjpean and n

large enough we see

M�
n ðQ; xknÞpe�ðn=anÞ; e� ¼ maxðe; eA�1Þ: ð4:8Þ

Proof. By Levin and Lubinsky [LL2, Lemma 5.1(5.3)], we have Q0ðeanÞpeA�1n=an;
where A is the constant in (0.1). Therefore, we obtain (4.8). &
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After this we write e ¼ e� simply. We need Lemma 4.1 again. Let j ¼ 1; 2;y; n:
Then, for xkna0 and k ¼ 1; 2;y; n;

jPð jÞ
n ðxknÞjpCM�

n ðxknÞ1�/ jSðn=anÞ j�2þ/ jSjP0
nðxknÞj; ð4:9Þ

where C is independent of k and n:
We use Theorem 3.1. Let r ¼ 1; 2;y; n� 1: Then for xkna0;

jðlnknÞ
ð jÞðxknÞjpCM�

n ðxknÞ/ jSðn=anÞ j�/ jS ð4:10Þ

for k ¼ 1; 2;y; n; where C is independent of k and n:
By Theorem 3.3 we see the following. Let Q satisfy the condition Cðnþ 1Þ: For

i ¼ 1; 2;y; n� 1;

e0ðn; k; nÞ ¼ 1; eiðn; k; nÞpCfM�
n ðQ; xknÞg/iSðn=anÞi�/iS: ð4:11Þ

Lemma 4.6. We have an expression

AnðxknÞ ¼ anðkÞðn=anÞ; k ¼ 1; 2;y; n; ð4:12Þ

where anðkÞ satisfies D1panðkÞpD2 for positive constants D1;D2 independing of n and

k: Furthermore, for j ¼ 0; 1;y; n;

B
½ j�
jþ2ðxknÞ ¼ anðkÞðn=anÞ;

jB½ j�
j ðxknÞj ¼ ðbn=bn�1Þa2nðkÞan�1ðkÞðn=anÞ3f1þ enð j; xknÞg; ð4:13Þ

where there exists C40 such that

jenð j; xknÞjpCe: ð4:14Þ

Proof. By Lemma 4.3 we have (4.12). From B
½ j�
jþ2ðxknÞ ¼ A

½ j�
jþ2ðxknÞ ¼ AnðxknÞ; the

first equation in (4.13) is satisfied. By Lemma 4.4 we see that B
½ j�
j ðxknÞ has the

expression

B
½ j�
j ðxknÞ ¼

j

2

	 

a00ðxknÞ þ

j

1

	 

b0ðxknÞ þ

X6
i¼1

ciðxknÞ þ ðn=anÞ2=jxknj;

xkna0: ð4:15Þ

Here, by (4.3) and (4.5) we see

aðxÞ ¼ AnðxÞ; bðxÞ ¼ �Q0ðxÞAnðxÞ � A0
nðxÞ;

cðxÞ ¼ c1ðxÞ þ c2ðxÞ þ c3ðxÞ þ c4ðxÞ þ c5ðxÞ þ c6ðxÞ;

but if n is odd, then we omit c6:
First, we deal with the main term c1ðxknÞ: From (4.3) and (4.5) we see

c1ðxknÞ ¼ ðbn=bn�1ÞA2
nðxknÞAn�1ðxknÞ

¼ ðbn=bn�1Þa2nðkÞan�1ðkÞðn=anÞ3f1þ e0nð j; xknÞg:
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By Kasuga and Sakai [KaS1, Proof of Theorem 3.4] we see the following:

ja00ðxknÞjpCðn=a3
nÞ; jb0ðxknÞjpCðn2=a3

nÞ;

jc2ðxknÞjpCe2ðn=anÞ3; jc3ðxknÞjpCe2ðn=anÞ3;

jc4ðxknÞjpCðn2=a3
nÞ; jc5ðxknÞjpCe2ðn2=a3

nÞ;

jc6ðxknÞjpCðn2=a3
nÞ ðlet c6 ¼ 0 if n is evenÞ:

Noting (4.15), for n large enough, we have (4.14)

jenð j; xknÞjpCe:

Therefore, the proof of Lemma 4.6 is complete. &

Remark 4.7. For QðxÞ ¼ jxj2m;m ¼ 1; 2; 3;y; we have the following.

anðkÞ ¼ anðQÞ ¼ 2mð4m�1Þ=2m
2m � 2

m � 1

	 

b2m�1;

where b is the Freud’s constant (see [KS1]).

Using the above Lemma 4.6, we can estimate the lower bound for P
ð2sþ1Þ
n ðxknÞ;

2s þ 1pn:

Lemma 4.8. Let s ¼ 1; 2;y; ðn� 1Þ=2; 0oe (small enough), and

ð1=eÞðan=nÞpjxknjpean: If we set

Pð2sþ1Þ
n ðxknÞ ¼ ð�1Þsbs

nðkÞðn=anÞ2sf1þ znðs; xknÞgP0
nðxknÞ;

bnðkÞ ¼ ðbn=bn�1ÞanðkÞan�1ðkÞ; ð4:16Þ

then for n large enough,

jznðs; xknÞjpCe; ð4:17Þ

where C is independent of n;xkn and e; and may depend on s and Q:

Remark 4.9. From bnBbn�1 we see that there exist positive constants C1;C2

independent of n and k such that

C1pbnðkÞpC2: ð4:18Þ

Proof of Lemma 4.8. Let j ¼ 0; 1;y; n: First, by (4.7) we note that

jB½ j�
jþ2ðxknÞjXCðn=anÞ; ð4:19Þ

jB½ j�
jþ1ðxknÞjpCeðn=anÞ2; ð4:20Þ

jB½ j�
j�sðxknÞjpCe/sSfðn3=a3þs

n Þ þ ðn=anÞsþ2g; s ¼ 1; 2;y; j � 1 ð4:21Þ
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for ð1=eÞðan=nÞpjxknjpean; where C is independent of n; k and e; and may depend
on j and QðxÞ: By (4.8) and (4.9),

Pð jÞ
n ðxknÞpCe1�/ jSðn=anÞ j�1jP0

nðxknÞj; j ¼ 1; 2;y; n ð4:22Þ

for ð1=eÞðan=nÞpjxknjpean; where C is independent of n; k and e: By (4.13) and
(4.14) we see that for j ¼ 0; 1;y; n

� B
½ j�
j ðxknÞ=B

½ j�
jþ2ðxknÞ

¼ ð�1ÞbnðkÞðn=anÞ2f1þ rnð j;xknÞg; jrnð j; xknÞjpCe; ð4:23Þ

for ð1=eÞðan=nÞpjxknjpean; where C is independent of n; k and e:
Now, we show (4.16) and (4.17) by induction on s: Let s ¼ 1: It follows from

Lemma 4.4 that

Pð3Þ
n ðxknÞ ¼ � fB

½1�
2 ðxknÞ=B

½1�
3 ðxknÞgP00

nðxknÞ

� fB
½1�
1 ðxknÞ=B

½1�
3 ðxknÞgP0

nðxknÞ:

By (4.18), (4.19) and (4.21), the first term on the right-hand side of the above equality

is bounded by Ce2ðn=anÞ2jP0
nðxknÞj: The second term is estimated by (4.22). These

lead to (4.16), (4.17) with s ¼ 1

Pð3Þ
n ðxknÞ ¼ fð�1ÞbnðkÞð1þ rknÞ þ Ceðan=nÞgðn=anÞ2P0

nðxknÞ

¼ ð�1ÞfbnðkÞð1þ znð1; xknÞÞgðn=anÞ2P0
nðxknÞ; jznð1; xknÞjpCe

for e small enough and n large enough.
We suppose (4.16) and (4.17) until s � 1ðX1Þ holds. From the expression of

Lemma 4.4 it follows that

Pð2sþ1Þ
n ¼ � ðB2s=B2sþ1ÞPð2sÞ

n � ðB2s�1=B2sþ1ÞPð2s�1Þ
n

� ðB2s�2=B2sþ1ÞPð2s�2Þ
n �?� ðB1=B2sþ1ÞPð1Þ

n ; ð4:24Þ

where Bj and P
ð jÞ
n stand for B

½2s�1�
j ðxknÞ and P

ð jÞ
n ðxknÞ; respectively. By the

assumption of induction and (4.22), we see that the second term on the right-hand
side of (4.23) has an estimate

� ðB2s�1=B2sþ1ÞPð2s�1Þ
n ðxknÞ

¼ ð�1ÞbnðkÞðn=anÞ2f1þ rnð2s � 1; xknÞgð�1Þs�1bs�1
n ðkÞðn=anÞ2ðs�1Þ


 f1þ znðs � 1; xknÞgP0
nðxknÞ

¼ ð�1Þsbs
nðkÞðn=anÞ2sf1þ r0nð2s þ 1; xknÞgP0

nðxknÞ;

where

r0nð2s þ 1; xknÞ

¼ rnð2s � 1; xknÞ þ znðs � 1; xknÞ þ rnð2s � 1; xknÞznðs � 1;xknÞ:
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Then we have jr0nð2s þ 1; xknÞjpCe: Combining (4.18)–(4.21), we easily see that the

other terms on the right-hand side of (4.23) are bounded by Cðn=anÞ2sðe2 þ
a�2

n ÞjP0
nðxknÞj: Now, if we take n large enough as a�1

n oe; then we obtain (4.16)

and (4.17)

Pð2sþ1Þ
n ðxknÞ ¼ ð�1Þsbs

nðkÞðn=anÞ2sf1þ znðs; xknÞgP0
nðxknÞ;

jznð1; xknÞjpCe;

where znðs; xknÞ ¼ r0nð2s þ 1; xknÞz0nðs; xknÞ: &

We need more refined estimate of ðlnknÞ
ð2jÞðxknÞ: Let fjð1Þ ¼ ð2j þ 1Þ�1;

j ¼ 0; 1; 2;y . Let 0oeo1; and suppose ð1=eÞðan=nÞpjxknjpean: From xkna0;
we see

lknðxÞ ¼PnðxÞ=fðx � xknÞP0
nðxknÞg

¼ f1=P0
nðxknÞg

Xn

i¼1

fPðiÞ
n ðxknÞ=i!gðx � xknÞi�1:

So we have

l
ð2jÞ
kn ðxknÞ ¼ Pð2jþ1Þ

n ðxknÞ=fð2j þ 1ÞP0
nðxknÞg:

Therefore, from this and Lemma 4.8, we have

l
ð2jÞ
kn ðxknÞ ¼ ð�1Þ jfjð1Þb j

n ðkÞðn=anÞ2jf1þ znð1; j; xknÞg;

jznð1; j; xknÞjpCe; j ¼ 0; 1;y; n; ð4:25Þ

where znð1; j; xknÞ ¼ znð j; xknÞ or jX1; znð1; 0; xknÞ ¼ 0; and C is independent of n;
xkn and e; and may depend on j and Q: By induction on n; we can estimate

ðlnknÞ
ð2jÞðxknÞ:

Lemma 4.10 (Cf. Kasuga and Sakai [KS1, Lemma 10]). Let 0oeo1; and suppose

ð1=eÞðan=nÞpjxknjpean: Then, for n ¼ 1; 2; 3;y; there exists uniquely a sequence

ffjðnÞg
N

j¼0 of positive numbers and znðn; j; xknÞ such that

ðlnknÞ
ð2jÞðxknÞ ¼ ð�1Þ jfjðnÞb j

n ðkÞðn=anÞ2jf1þ znðn; j; xknÞg;

jznðn; j; xknÞjpCe; j ¼ 0; 1;y; n; ð4:26Þ

where C is independent of n; xkn and e; and may depend on n; j and Q:
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Proof. The case of n ¼ 1 follows from (4.24). Suppose that for the case of n� 1 the
lemma holds. We have

ðlnknÞ
ð2jÞðxknÞ ¼

X2j

i¼0

2j

i

	 

ðln�1

kn ÞðiÞðxknÞlð2j�iÞ
kn ðxknÞ

¼
Xj

r¼0

2j

2r

	 

ðln�1

kn Þð2rÞðxknÞlð2j�2rÞ
kn ðxknÞ

þ
Xj

r¼1

2j

2r � 1

	 

ðln�1

kn Þð2r�1ÞðxknÞlð2j�2rþ1Þ
kn ðxknÞ:

It follows from (4.8) and (4.10) that

jðlnknÞ
ð2t�1ÞðxknÞjpCeðn=anÞ2t�1; t ¼ 1; 2; 3;y;

therefore, the second sum on the right-hand side of the above equality is bounded by

Ceðn=anÞ2t: By (4.20) and the assumption of induction, the first sum
P j

i¼0 is

estimated as

Xj

r¼0

¼
Xj

r¼0

2j

2r

	 

ð�1Þrfrðn� 1Þbr

nðkÞðn=anÞ2rf1þ znðn� 1; j; xknÞg


 ð�1Þ j�rfj�rð1Þb j�r
n ðkÞðn=anÞ2ð j�rÞf1þ znð1; j � r; xknÞg

¼
Xj

r¼0

f1=ð2j � 2r þ 1Þg
2j

2r

	 

ð�1Þ jfrðn� 1Þb j

n ðkÞðn=anÞ2j


 f1þ tnðn; j; r; xknÞg;

where

tnðn; j; r; xknÞ ¼ znðn� 1; j; xknÞ þ znð1; j � r; xknÞ

þ znðn� 1; j; xknÞznð1; j � r; xknÞ;

jtnðn; j; r; xknÞjpCe:

If we put, for j ¼ 0; 1; 2;y;

fjðnÞ ¼
Xj

r¼0

f1=ð2j � 2r þ 1Þg
2j

2r

	 

frðn� 1Þ;

znðn; j; xknÞ ¼
Xj

r¼0

f1=ð2j � 2r þ 1Þg
2j

2r

	 

frðn� 1Þtnðn; j; r; xknÞ; ð4:27Þ

then ffjðnÞg
N

j¼0 and fznðn; j; r;xknÞgNj¼0 satisfy the required conditions (4.25). &
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We rewrite relation (4.26) in the form

f0ðnÞ ¼ 1; n ¼ 1; 2; 3;y;

fjðnÞ � fjðn� 1Þ ¼ f1=ð2j þ 1Þg
Xj�1

r¼0

2j þ 1

2r

	 

frðn� 1Þ;

j ¼ 1; 2; 3;y; n ¼ 2; 3; 4;y :

Now, for every j we will introduce an auxiliary polynomial determined by ffjðnÞg
N

j¼1

as the following lemma.

Lemma 4.11 (Kanjin and Sakai [KS1, Lemma 11]). (i) For j ¼ 0; 1; 2;y; there exists

a unique polynomial CjðyÞ of degree j such that CjðnÞ ¼ fjðnÞ; n ¼ 1; 2; 3;y .

(ii) C0ðyÞ ¼ 1; and Cjð0Þ ¼ 0; j ¼ 1; 2; 3;y .

Since CjðyÞ is a polynomial of degree j; we can replace fjðnÞ in (4.27) with CjðyÞ;
that is,

CjðyÞ ¼
Xj

r¼0

f1=ð2j � 2r þ 1Þg
2j

2r

	 

Crðy � 1Þ; j ¼ 0; 1; 2;y; ð4:28Þ

for an arbitrary y and j ¼ 0; 1; 2;y . We use the notation Fknðx; yÞ ¼ flknðxÞgy which

coincides with l
y
knðxÞ if y is an integer. Since lknðxknÞ ¼ 1; we have Fknðx; tÞ40 for x in

a neighbourhood of xkn and an arbitrary real number y:

We will show that ðq=qxÞ j
Fknðxkn; yÞ is a polynomial of degree at most j with

respect to y for j ¼ 0; 1; 2;y; where ðq=qxÞ j
Fknðxkn; yÞ is the jth partial derivative of

Fknðx; yÞ with respect to x at ðxkn; yÞ: We prove these facts by induction on j: For
j ¼ 0 it is trivial. Suppose that it holds for jX0: To simplify the notation, let FðxÞ ¼
Fknðx; yÞ and lðxÞ ¼ lknðxÞ for a fixed y: Then F 0ðxÞlðxÞ ¼ yl0ðxÞFðxÞ: By Leibniz’s
rule, we easily see that

F ð jþ1ÞðxknÞ ¼ �
Xj�1

s¼0

j

s

	 

F ðsþ1ÞðxknÞlð j�sÞðxknÞ

þ y
Xj

s¼0

j

s

	 

lðsþ1ÞðxknÞF ð j�sÞðxknÞ;

which shows that F ð jþ1ÞðxknÞ is a polynomial of degree at most j þ 1 with respect
to y:

Let P
½ j�
kn ðyÞ be defined by

ðq=qxÞ2j
Fknðxkn; yÞ ¼ ð�1Þ jb j

n ðkÞðn=anÞ2jCjðyÞ þ P
½ j�
kn ðyÞ; j ¼ 0; 1; 2;y :

Then P
½ j�
kn ðyÞ is a polynomial of degree at most 2j: We have the following.

By Lemma 4.10 we have the following.
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Lemma 4.12 (Kanjin and Sakai [KS1, Lemma 12]). Let j ¼ 0; 1; 2;y; and let M be a

positive constant. If ð1=eÞðan=nÞpjxknjpean; 0oe (small enough), and jyjpM; then,

(i) jðq=qyÞs
P
½ j�
kn ðyÞjpCeðn=anÞ2j; s ¼ 0; 1;

and

(ii) jðq=qxÞ2jþ1
Fknðxkn; yÞjpCeðn=anÞ2jþ1;

where C is independent of n; k and e; and may depend on j; M and Q:

By (i) of the above Lemma 4.12, we can prove the following lemma which plays an
essential role in estimating the lower bound of en�1ðn; k; nÞ:

Lemma 4.13 (Cf. Kanjin and Sakai [KS1, Lemma 13]). If yo0; then CjðyÞa0 for

j ¼ 0; 1; 2;y .

Proof. Since C0ðyÞ ¼ 1; we may assume jX1: Since Cjð0Þ ¼ 0; CjðyÞ has an

expression

CjðyÞ ¼
Xj

i¼1

ð�1Þ j�i
cið jÞyi; j ¼ 1; 2; 3;y : ð4:30Þ

Then it is enough to show that cið jÞ40; j ¼ 1; 2; 3;y . Because if y ¼ �u; u40;

then Cjð�uÞ ¼ ð�1Þ jP j
i¼1 cið jÞuia0:

We will first show that c1ð jÞ40; j ¼ 1; 2; 3;y . It follows from (4.25) and

ð�1Þ j�1
c1ð jÞ ¼ ðd=dyÞCjð0Þ that

�b j
n ðkÞðn=anÞ2j

c1ð jÞ ¼ ðd=dyÞfðq=qxÞ2j
Fknðxkn; yÞ � P

½ j�
kn ðyÞgy¼0

(see (4.29)). We have

ðd=dyÞfðq=qxÞ2j
Fknðxkn; yÞgy¼0 ¼ðd=dxÞ2jfðq=qyÞFknðx; 0Þgx¼xkn

¼ðd=dxÞ2j logfjlknðxÞjgx¼xkn

¼ � ð2j � 1Þ!
X
sak

f1=ðxkn � xsnÞ2jg:

Here, we used the expression lknðxÞ ¼ PnðxÞ=fðx � xknÞP0
nðxknÞg: Therefore, we have

c1ð jÞ ¼ b�j
n ðkÞðn=anÞ�2j ð2j � 1Þ!

X
sak

f1=ðxkn � xsnÞ2jg þ ðd=dyÞP½ j�
kn ð0Þ

" #
:

From Lemma 4.12(i) it follows that jðd=dyÞP½ j�
kn ð0ÞjpCeðn=anÞ2j for a certain number

k as ð1=eÞðn=anÞpjxknjpean; where C is a positive constant independent of n: From
this and xk�1;n � xkþ1;nBðn=anÞ (see [KaS1, Theorem 1.4]), we have

c1ð jÞXb�j
n ðkÞðn=anÞ�2jfCð2j � 1Þ!ðn=anÞ2j � Ceðn=anÞ2jg

X fCð2j � 1Þ!b�j
n ðkÞ � Ceg:

Letting e-0; we see that c1ð jÞ40:
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Next, we treat the other coefficients. We see that

ðl2mkn Þ
ð2jþ2ÞðxknÞ

¼
Xjþ1

r¼0

2j þ 2

2r

	 

ðlmknÞ

ð2rÞðxknÞðlmknÞ
ð2jþ2�2rÞðxknÞ

þ
Xjþ1

r¼1

2j þ 2

2r � 1

	 

ðlmknÞ

ð2r�1ÞðxknÞðlmknÞ
ð2jþ3�2rÞðxknÞ; m ¼ 1; 2; 3;y :

From (4.25), it follows that the leading term on the left-hand side of the equation is

ð�1Þ jþ1fjþ1ð2mÞb jþ1
n ðkÞðn=anÞ2ð jþ1Þ:

The leading term of the first sum on the right-hand side is

Xjþ1

r¼0

2j þ 2

2r

	 

ð�1Þ jþ1frðmÞfjþ1�rðmÞb jþ1

n ðkÞðn=anÞ2ð jþ1Þ:

Since jðlmknÞ
ð2t�1ÞðxknÞjpCeðn=anÞ2t�1; t ¼ 1; 2;y . Therefore, we have

fjþ1ð2mÞ ¼
Xjþ1

r¼0

2j þ 2

2r

	 

frðmÞfjþ1�rðmÞ

as e-0; and therefore,

fjþ1ð2mÞ � 2fjþ1ðmÞ ¼
Xj

r¼1

2j þ 2

2r

	 

frðmÞfjþ1�rðmÞ; m ¼ 1; 2; 3;y :

This leads to

Cjþ1ð2yÞ � 2Cjþ1ðyÞ ¼
Xj

r¼1

2j þ 2

2r

	 

CrðyÞCjþ1�rðyÞ: ð4:31Þ

We replace

Cjþ1ðyÞ ¼
Xjþ1

i¼1

ð�1Þ jþ1�i
cið j þ 1Þyi:

By (4.31) we have

Xjþ1

i¼1

ð�1Þ jþ1�ið2i � 2Þcið j þ 1Þyi ¼
Xj

r¼1

2j þ 2

2r

	 

CrðyÞCjþ1�rðyÞ:

If we assume cið jÞ40; i ¼ 1; 2;y; j; then we see that the right-hand side of the
equation is a polynomial of degree j þ 1; whose coefficients are alternating.

Therefore, we have ð2i � 2Þcið j þ 1Þ40; which implies cið j þ 1Þ40; i ¼ 2;y; j þ 1:
This completes the proof since we have already obtained c1ð jÞ40;
j ¼ 1; 2; 3;y: &
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Proof of Theorem 3.6. Let 0oe (small enough). For n ¼ 1; 2; 3;y; we define Zknðn; sÞ
by (1.1), that is

e2sðn; k; nÞ ¼ ð�1Þsf1=ð2sÞ!gCsð�nÞbs
nðkÞðn=anÞ2sf1þ Zknðn; sÞg:

Then, we will show jZknðn; sÞjpCe for k and ð1=eÞðan=nÞpjxknjpean and s ¼
0; 1; 2;y; ðn� 1Þ=2; where C is independent of n; k and e; and may depend on n; s

and Q:
We prove (3.1) and (3.2) by induction on s: By the definition of hknðn; xÞ; we have

e0ðn; k; nÞ ¼ 1;

ejðn; k; nÞ ¼ � ð1=j!Þ
Xj�1

r¼0

f j!=ð j � rÞ!g


 erðn; k; nÞðlnknÞ
ð j�rÞðxknÞ; j ¼ 1; 2;y; n� 1: ð4:32Þ

By e0ðn; k; nÞ ¼ 1 and C0ðyÞ ¼ 1; (3.1) holds for s ¼ 0: From (4.32), we write
e2sðn; k; nÞ in the form

e2sðn; k; nÞ

¼ �f1=ð2sÞ!g
Xs�1

r¼0

fð2sÞ!=ð2s � 2rÞ!ge2rðn; k; nÞðlnknÞ
ð2s�2rÞðxknÞ

"

þ
Xs

r¼1

fð2sÞ!=ð2s � 2r þ 1Þ!ge2r�1ðn; k; nÞðlnknÞ
ð2s�2rþ1ÞðxknÞ

#
:

We have jðlnknÞ
ð2s�2rþ1ÞðxknÞjpCeðn=anÞ2s�2rþ1 by (4.8), (4.10) and je2r�1ðn; k; nÞj

pCeðn=anÞ2r�1 (see (4.8) and (4.11)). The second sum
Ps

r¼1 is bounded by

Ce2ðn=anÞ2s: For the first sum
Ps�1

r¼0 we have the following. By (3.1), (3.2) and

Lemma 4.10,

Xs�1

r¼0

¼
Xs�1

r¼0

ð�1Þrfð2sÞ!=ð2s � 2rÞ!gf1=ð2rÞ!gCrð�nÞbr
nðkÞðn=anÞ2r


 f1þ Zknðn; rÞgð�1Þs�rfs�rðnÞbs�r
n ðkÞðn=anÞ2ðs�rÞ


 f1þ zknðn; s � r; xknÞg

¼ ð�1Þsbs
nðkÞðn=anÞ2s

Xs�1

r¼0

2s

2r

	 

Crð�nÞfs�rðnÞð1þ lknðr; sÞÞ;

where lknðr; sÞ ¼ Zknðn; rÞ þ zknðn; s � r; xknÞ þ zknðn; s � r; xknÞZknðn; rÞ: We set

Zknðn; sÞ ¼
Xs�1

r¼0

2s

2r

	 

Crð�nÞfs�rðnÞlknðr; sÞ;
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then by jlknðr; sÞjpCe we see jZknðn; sÞjpCe: Therefore, by Lemma 4.10 and the
assumption of induction, it is enough to show

Xs

r¼0

2s

2r

	 

Crð�nÞfs�rðnÞ ¼ 0; s ¼ 1; 2; 3;y; n ¼ 1; 2; 3;y :

Let CsðyÞ¼
Ps

r¼0
2s
2r

� �
Crð�yÞCs�rðyÞ: It suffices to show that CsðnÞ¼0; s ¼ 1; 2; 3;y;

n ¼ 1; 2; 3;y . We have

0 ¼ðl�1þ1
kn Þð2sÞðxknÞ ¼

X2s

i¼0

2s

i

	 

ðl�1

kn Þ
ðiÞðxknÞlð2s�iÞ

kn ðxknÞ

¼
Xs

r¼0

2s

2r

	 

ðq=qxÞ2r

Fknðxkn;�1Þlð2s�2rÞ
kn ðxknÞ

þ
Xs�1

r¼0

2s

2r þ 1

	 

ðq=qxÞ2rþ1

Fknðxkn;�1Þlð2s�2r�1Þ
kn ðxknÞ

for every s: By (4.25), (4.28) and Lemma 4.12(i), we see that the first sum
Ps

r¼0 has

the form

Xs

r¼0

¼ ð�1Þsbs
nðkÞðn=anÞ2s

Xs

r¼0

2s

2r

	 

Crð�1Þfs�rð1Þ þ xnðn=anÞ2s;

where jxnjpCe: By (4.10) and Lemma 4.12(ii), the second sum
Ps�1

r¼0 is bounded by

Ceðn=anÞ2s: Therefore, letting e-0; we see that

0 ¼
Xs

r¼0

2s

2r

	 

Crð�1ÞCs�rð1Þ ¼ Csð1Þ

for every s: Suppose CsðnÞ ¼ 0 for every s: We will show that Csðnþ 1Þ ¼ 0 for every
s: Using (4.27) and changing the order of summation, we have

Csðnþ 1Þ

¼
Xs

r¼0

2s

2r

	 

Crð�n� 1Þ

Xs�r

p¼0

f1=ð2s � 2r � 2p þ 1Þg
2s � 2r

2p

	 

CpðnÞ

¼
Xs

p¼0

Xs�p

r¼0

f1=ð2s � 2r � 2p þ 1Þg
2s � 2r

2p

	 

2s

2r

	 

Crð�n� 1Þ

" #
CpðnÞ:

By the relation 2s�2r
2p

� �
2s
2r

� �
¼ 2s

2p

� �
2s�2p

2r

� �
and (4.27), we have

Xs�p

r¼0

f1=ð2s � 2r � 2p þ 1Þg
2s � 2r

2p

	 

2s

2r

	 

Crð�n� 1Þ

¼
2s

2p

	 

Cs�pð�nÞ;
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with leading to Csðnþ 1Þ ¼ Csð�nÞ: Since we easily see Csð�nÞ ¼ CsðnÞ; we finish

proving. The positiveness ð�1Þ jCjð�nÞ40; j ¼ 0; 1; 2;y; n ¼ 1; 2; 3;y; are easily

obtained by (4.30). &

5. Applications

In this section we report some interesting applications of results in the previous
sections. We suppose again rX0 in (0.3). We define the moduli of continuity of
fACðRÞ by

oð f ; ½a; b�; hÞ ¼ max
jx1�x2jph; x1;x2A½a;b�

j f ðx1Þ � f ðx2Þj; h40

and

oð f ;R; hÞ ¼ max
jx1�x2jph; x1;x2AR

j f ðx1Þ � f ðx2Þj; h40:

Theorem 5.1. Let Q satisfy the condition CðnÞ; and let n ¼ 1; 2; 3;y : If fACðRÞ is

uniformly continuous function on R; then we have

sup
xAR

W n
rQðxÞð1þ jxjÞ�nZ=6jLnðn; f ; xÞ � f ðxÞj

pC logð1þ nÞoð f ;R; an=nÞ;

where

sup
0puoN

uQ0ðuÞ=QðuÞ ¼ ZQ; ZQpZ:

Remark 5.2. If limn-Nlogð1þ nÞoð f ;R; an=nÞ ¼ 0 (for example, fALipaðRÞ ¼
f f ; j f ðx þ hÞ � f ðxÞjpCjhjagÞ; then

lim
n-N

sup
xAR

W n
rQðxÞð1þ jxjÞ�nZ=6jLnðn; f ; xÞ � f ðxÞj ¼ 0:

Theorem 5.3 (Cf. Kanjin and Sakai [KS1]). Let nX1 be an odd integer, and let Q

satisfy the condition Cðnþ 1Þ: Then there is a function fACðRÞ such that for any fixed

constant M40;

lim sup
n-N

max
�MpxpM

jLnðn; f ; xÞj ¼ N:

Theorem 5.4 (Cf. Kanjin and Sakai [KS2]). Let Q satisfy the condition CðnÞ; and let I

be any compact interval.

(i) Let n� 1 ¼ l; and NXl: If fACðNÞðRÞ satisfies

lim
h-0

oð f ðNÞ;R; hÞlogðhÞ ¼ 0;

then we have

lim
n-N

max
xAI

W n
rQðxÞjLð jÞ

n ðn� 1; n; f ; xÞ � f ð jÞðxÞj ¼ 0; 0pjpNf1� ð1=ðnþ 2ÞÞg:
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(ii) Let n� 14l: If fACðlÞðRÞ satisfies

lim
h-0

oð f ðlÞ;R; hÞlogðhÞ ¼ 0;

then we have

lim
n-N

max
xAI

W n
rQðxÞjLð jÞ

n ðl; n; f ; xÞ � f ð jÞðxÞj ¼ 0; 0pjplf1� ð1=ðnþ 2ÞÞg:

We will show only Theorem 5.1. The proofs of other theorems are completed by
the same line of proofs as [KS1] or [KS2].

Lemma 5.5. Let nX2; and let fACðRÞ be uniformly continuous on R: Then we have

W n
rQðxÞj f ðxÞjpCoð f ;R; an=nÞ; jxjXan:

Proof. First, we show that W
1=2
rQ ðxÞj f ðxÞj is bounded on R: In fact, if it is not true,

then we see that there exists a sequence fxkgNk¼1; 0ox1ox2ox3oy; xkþ1 � xkX1;

such that W
1=2
rQ ðxkÞj f ðxkÞj ¼ mðxkÞ41: For simplicity, we suppose that f ðxkÞ40: We

may consider that mðxkÞ is increasing, then

f ðxkþ1Þ � f ðxkÞ ¼ mðxkþ1ÞW�1=2
rQ ðxkþ1Þ � mðxkÞW�1=2

rQ ðxkÞ

X mðx1ÞfW
�1=2
rQ ðxkþ1Þ � W

�1=2
rQ ðxkÞg:

Since f ðxÞ is continuous, we see that for any fixed h; 0oho1 there exists a sequence

fxkðhÞgNk¼1 such that xkpxkðhÞ and

f f ðxkðhÞ þ hÞ � f ðxkðhÞÞg=h ¼f f ðxkþ1Þ � f ðxkÞg=ðxkþ1 � xkÞ

X mðx1ÞfW
�1=2
rQ ðxkþ1Þ � W

�1=2
rQ ðxkÞg=ðxkþ1 � xkÞ

XCðW�1=2
rQ Þ0ðxkÞ;

where C is a positive constant. Here, for k large enough we have hðW�1=2
rQ Þ0ðxkÞX1:

Then we see f ðxkðhÞ þ hÞ � f ðxkðhÞÞXC; where C is a positive constant independent
of h: But for h small enough this contradicts the uniformly continuity.

Now, since QðanÞBn (see [LL2, Lemma 5.2]), we have for jxjXan

W n
rQðxÞj f ðxÞjpCW

1=2
rQ ðanÞpCan=npCoð f ;R; an=nÞ: &

Lemma 5.6. Let fACðRÞ be uniformly continuous on R: Then there exists a

polynomial PAPn such that for xAR we have

j f ðxÞ � PðxÞjW n
rQðxÞpCoð f ;R; an=nÞ; ð5:1Þ

jPð jÞðxÞjW n
rQðxÞpCjðn=anÞ joð f ;R; an=nÞ; j ¼ 0; 1; 2;y; ð5:2Þ

where WrQn;2l is defined in (2.1), and C;Cj are constants.
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Proof. By Teljakovskii [Te] we have the following. For gAC½�1; 1�; there exists
TðxÞAPn such that

jgðtÞ � TðtÞjpCoð½�1; 1�; g; ð1� t2Þ1=2=nÞ;

ð1� t2Þ1=2jT 0ðtÞjpCnoð½�1; 1�; g; ð1� t2Þ1=2=nÞ;
where oð½�1; 1�; g; hÞ is the modulus of continuity for g on ½�1; 1�: Therefore, we see
that for jxjpDan; D41

j f ðxÞ � PðxÞjpCoð f ; ½�2Dan; 2Dan�; 2Dan=nÞ

pCoð f ;R; an=nÞ ð5:3Þ

jP0ðxÞjpCðn=anÞoð f ; ½�2Dan; 2Dan�; 2Dan=nÞ

pCðn=anÞoð f ;R; an=nÞ: ð5:4Þ

For jxjpDan we see that jPðxÞjW 1=2
rQ ðxÞ is bounded. Because from (5.3) and Proof of

Lemma 5.5

jPðxÞW 1=2
rQ ðxÞjpCfj f ðxÞjW 1=2

rQ ðxÞ þ oð f ;R; an=nÞW 1=2
rQ ðxÞgpC:

Therefore, by the infinite–finite range inequality [KaS1, Theorem 1.1] we have, for
jxjXDan;

jPðxÞjW 1=2
rQ ðxÞpCjjPW

1=2
rQ jjLNfjxjpangpC:

So for jxjXDan we have

jPðxÞjW n
rQðxÞpCW

n�1=2
rQ ðDanÞpCoð f ;R; an=nÞ: ð5:5Þ

Consequently, we have, by (5.3), (5.5) and Lemma 5.5,

j f ðxÞ � PðxÞjW n
rQðxÞpCoð f ;R; an=nÞ; xAR;

that is we obtain (5.1).
We have to show (5.2). By (5.4) and the infinite–finite range inequality we have, for

jxjXDan;

jP0ðxÞjW n
rQðxÞpCjjP0W n

rQjjLNfjxjpangpCðn=anÞoð f ;R; an=nÞ:

So, noting (5.4) for xAR;

jP0ðxÞjW n
rQðxÞpCðn=anÞoð f ;R; an=nÞ: ð5:6Þ

Consequently, repeating of the Markov inequality (Theorem 2.1), the inequality (5.6)
means

jPð jÞðxÞjW n
rQðxÞp jjPð jÞW n

rQjjLNðRÞ

pCjðn=anÞ joð f ;R; an=nÞ; j ¼ 0; 1; 2;y;

so (5.2) is shown. Consequently, the lemma is complete. &

Definition 5.7. We define FnðxÞ ¼ maxfn�2=3; 1� jxj=ang1=4:
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We note that for some positive constants C;

CWrQðxÞpð1þ jxjÞ�nZ=6pCFn
nðxÞpC: ð5:7Þ

In fact, the first inequality is easy to show. For the second inequality if xpð1=2Þan;

then it is trivial, and if ð1=2Þanox; then we see ð1þ jxjÞ�Z=6pCa
�Z=6
n

pCn�1=6pFnðxÞ:

Lemma 5.8. We write some basic results.
(i) If n is odd, then we have

jPn�1ð0ÞjBðn=anÞr
a�1=2

n ;

jP0
nð0ÞjBðn=anÞr

na�3=2
n ½KaS1; Theorem 1:9�ðiÞ:

(ii) Uniformly for 2pjpn; n ¼ 2; 3; 4;y; we have

Can=npxj�1;n � xjn;

especially for jxjnj; jxj�1;njpZan; 0oZo1; we see

xj�1;n � xjnBan=n ½KaS1; Theorem 1:10�:

Sketch of proof for Theorem 5.1. We recall the definitions of Hermite–Fejér
interpolation polynomials. For fACðRÞ we define

Lnðn; f ; xÞ ¼
Xn

k¼1

f ðxknÞhknðn; xÞ;

and define for fACðn�1ÞðRÞ;

Lnðn� 1; n; f ; xÞ ¼
Xn

k¼1

Xn�1

s¼0

f ðsÞðxknÞhsknðn� 1; n; xÞ:

Let fACðRÞ; and let PAPn satisfy inequalities (5.1) and (5.2).

W n
rQðxÞð1þ jxjÞ�nZ=6j f ðxÞ � Lnðn; f ; xÞj

pW n
rQðxÞð1þ jxjÞ�nZ=6fj f ðxÞ � PðxÞj þ jLnðn; f � P; xÞj

þ
Xn

k¼1

Xn�1

s¼1

jPðsÞðxknÞjjhsknðn� 1; n; xÞjg:

pW n
rQðxÞð1þ jxjÞ�nZ=6j f ðxÞ � PðxÞj þ W n

rQðxÞð1þ jxjÞ�nZ=6



Xn

k¼1

W n
rQðxknÞj f ðxknÞ � PðxknÞjW�n

rQ ðxknÞjhknðn; xÞj
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þ W n
rQðxÞð1þ jxjÞ�nZ=6

Xn

k¼1

Xn�1

s¼1

jPðsÞðxknÞjjhsknðn� 1; n; xÞj

pCoð f ;R; an=nÞð1þ jxjÞ�nZ=6 1þ W n
rQðxÞ

Xn

k¼1

W�n
rQ ðxknÞjhknðn; xÞj

( )

þ W n
rQðxÞð1þ jxjÞ�nZ=6

Xn

k¼1

Xn�1

s¼1

jPðsÞðxknÞjjhsknðn� 1; n; xÞj: ð5:8Þ

We estimate the Lebesgue constant

W n
rQðxÞð1þ jxjÞ�nZ=6

Xn

k¼1

W�n
rQ ðxknÞjhknðn; xÞj; ð5:9Þ

and the sum

W n
rQðxÞð1þ jxjÞ�nZ=6

Xn

k¼1

Xn�1

s¼1

jPðsÞðxknÞhsknðn� 1; n; xÞj: ð5:10Þ

First, we estimate (5.9). We use Lemmas 1.5(a),(d),(e), 5.8, Corollary 3.4 and (5.7).

W n
rQðxÞð1þ jxjÞ�nZ=6

Xn

k¼1

jhknðn;xÞj

p
X

xkna0

WrQðxÞFnðxÞPnðxÞ
ðx � xknÞWrQðxknÞP0

nðxknÞ

����
����
n



Xn�1

i¼0

jeiðn; k; nÞðx � xknÞij

p
X

xkna0

WrQðxÞFnðxÞPnðxÞ
ðx � xknÞF�1

n ðxknÞWrQðxknÞP0
nðxknÞ

�����
�����
n



Xn�1

i¼0

jeiðn; k; nÞðx � xknÞij ðnote ð5:7ÞÞ

p
X

xkna0

ð1=jðx; kÞÞ

pC logð1þ nÞ; ð5:11Þ

where

jx � xknjBjðx; kÞan=n:
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Next, we estimate (5.10). By above method and (5.2), we see

W n
rQðxÞð1þ jxjÞ�nZ=6

Xn

k¼1

Xn�1

s¼1

jPðsÞðxknÞjjhsknðn� 1; n; xÞj

¼ W n
rQðxÞð1þ jxjÞ�nZ=6

Xn

k¼1

Xn�1

s¼1

jPðsÞðxknÞW n
rQðxknÞjW�n

rQ ðxknÞ


 jhsknðn� 1; n; xÞj

p
X

xkna0

Xn�1

s¼1

Xn�1

i¼s

ðn=anÞsoð f ;R; an=nÞ


 WrQðxÞFnðxÞPnðxÞ
ðx � xknÞWrQðxknÞP0

nðxknÞ

����
����
n

jesiðn; k; nÞðx � xknÞij

pCoð f ;R; an=nÞ



X

xkna0

Xn�1

s¼1

Xn�1

i¼s

WrQðxÞFnðxÞPnðxÞ
ðx � xknÞF�1

n ðxknÞWrQðxknÞP0
nðxknÞ

�����
�����
n


 jðn=anÞsðn=anÞi�sðx � xknÞij

pCoð f ;R; an=nÞ
X

xkna0

ð1=jðx; kÞÞ

pC logð1þ nÞoð f ;R; an=nÞ ð5:12Þ

for n large enough.
Consequently, by (5.8), (5.11) and (5.12) the proof of the theorem is complete. &
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